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Abstract. Let G be a bounded region with simply connected closure G and analytic 
boundary and let /i be a positive measure carried by G together with finitely many pure 
points outside G. We provide estimates on the norms of the monic polynomials of minimal 
norm in the space L'^ip) for q > 0. In case the norms converge to 0, we provide estimates 
on the rate of convergence, generalizing several previous results. Our most powerful result 
concerns measures /i that are perturbations of measures that are absolutely continuous with 
respect to the push-forward of a product measure near the boundary of the unit disk. Our 
results and methods also yield information about the strong asymptotics of the extremal 
polynomials and some information concerning Christoffel functions. 
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1. Introduction 

1.1. Background. Consider a finite and positive measure /i of compact and infinite support 
supp(;u) C C. Given such a measure and any g > 0, we can define the sequence of monic 
polynomials {P„(2;; /i, g)}^g by letting Pn{z;fi,q) be any monic polynomial satisfying 

\\Pn{z; fi,q)\\Li(^,) = mi{\\Qn\\Li{p) ■■Qn = + lower order terms}; 

a property called the extremal property of the polynomials Pn{z] fi,q). For g > 1, the 
strict convexity of the norm implies such a polynomial is unique, while it need not be when 



< q < 1 (see page 84 in |S5], see also Proposition 5.1 in the appendix for a treatment of 
the case g = 1). When the meaning is clear, we will often omit the z, fi, or q dependence 
of Pn{z]fi,q) in our notation. By dividing each Pn{fi,q) by its L'^{fi) norm, we obtain the 
sequence of normalized polynomials {Pn(/^? Q')}^o word "norm" here loosely as 

it is not technically a norm when q < 1). In case g = 2, the polynomial Pn{fJ',(l) is just 
the orthonormal polynomial for the measure /i. For an extensive introduction to the general 
theory of orthogonal polynomials - especially on the real line and the unit circle - we refer 
the reader to the references [Sni EHl ESj |35l [371 EH] and references therein. 

We will consider measures whose support is contained in some compact and simply con- 
nected set G along with finitely many points not in G. We will also assume that G is a region 
with analytic boundary (as defined on page 42 in |7]) and that the logarithmic capacity (see 
section 1.2 below) of G is equal to 1. One of our main tools for studying these extremal 



polynomials is the conformal map ijj mapping the exterior of the closed unit disk D to C \ G 
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and satisfying iIj{oo) = oo and tp'{oo) > 0. We will denote the inverse function to by 
(p. Since G has analytic boundary, the map ip can be extended to be univalent (that is, 
holomorphic and injective) on a slightly larger region, namely the exterior of the closed disk 
of radius p for some p < 1. From now on we will assume that p is some fixed number in the 
interval (p, 1). 

If we define Ar := {z : r < \z\ < 1} for every r G [p, 1] and define Gr '■= V'(^r) then ip and 
(p provide a one-to-one correspondence between measures on Ap and Gp. Given a measure 
A on Gp, we will denote the corresponding measure k on Ap by 0*A. By this we mean that 
for all / G C{G), we have 

' f{z)dX{z) = [ f{ij{w))dK{w). 

JAp 

Similarly, we can write \ = ip^K. For example, the equilibrium measure for G can written as 
^*(f ) (see Theorem 3.1 in [M]). 

Central to the theory of extremal polynomials on a smooth Jordan curve is the analog 
of Szego's Theorem on the unit circle. This can be stated as the following theorem, which 
follows from Theorem 7.1 in [8]: 

Theorem 1.1. [8\ If p is a finite measure on an analytic Jordan curve T having capacity 1, 
then 

iog{{<p.pne)))-j . 



Any measure for which the right hand side of (1.1) is finite will be called a Szego measure 
on 5D. Szego's Theorem can also be stated for measures on the real line (see Theorem 1.1 
in |1] for a precise statement). We note here that Szego's Theorem for analytic curves - as 
we have stated it - does not require p to be a probability measure. 

There has also been considerable research on orthogonal polynomials for measures sup- 
ported on regions. Substantial results were introduced by Carleman in [3] and major achieve- 
ments in the field since then include the works of Ullman [KJl |?T] , Suetin [37j , Lubinsky |13j , 
Mina-Diaz [16], Saff [25], Stylianopoulos [36], Totik [39], and Widom [13] among others. Re- 
cently, Nazarov, Volberg, and Yuditskii showed in [18] that the appropriate analog of Szego's 
Theorem holds when p can be written as the sum of a measure carried byD = {2r:|2;|<l}, 
a Szego measure on (9D with no singular part, and a pure point measure carried by the 
compliment of D. Their result motivates our investigation in many ways. We provide lead- 
ing order asymptotics for the monic orthogonal polynomial norms in a related setting. A 



special case of our main theorem (Theorem 1.2 below) applies to measures similar to those 



considered in [ISj although we allow for a singular component to the measure on (9D, but we 
only allow for finitely many pure points outside D. 

Our results can also be motivated by the conjecture in [25]. If a measure on D is given 
by w{z)d^z where w > Lebesgue almost everywhere in some annulus with outer boundary 
dB>, the conjecture asserts that 

hm P^^±ph^ = 1 

n^oo ZPn{z;p,2) 

uniformly on compact subsets of C \ D. We will settle this conjecture in the affirmative if 
the weight factors as w{re^^) = h{re^^) f {9)g{r) with h continuous and non-vanishing on D, 
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/ a Szego weight, and 1 G supp{g{r)dr). Indeed our main theorem considers measures that 
can be thought of as perturbations of such measures. We consider several different kinds 
of perturbations, including adding finitely many pure points outside D, allowing a singular 
component to the angular measure with weight f{0), and the addition of a measure whose 
density at the boundary is negligible compared to w{z)(fz. 

Throughout this paper, for a measure 7 (on any set), we denote 



ctil) = / \z\'d-f{z) 
Jc 

where we do not insist t G N. We will see that these "moments" provide the appropriate rate 
of decay of the norms of the extremal polynomials. One of our main results is the following: 

Theorem 1.2. Consider the measure fl{re^^) = h{re^^) {^{0) ® T{r)) + a2{re^^) where 

(1) h{z) is a continuous function on D that is non-vanishing in a neighborhood of d3, 

(2) (J2 is a measure carried by Ap that satisfies Ymit^ao Ct(o"2)Q(T)~^ = 0, 

(3) V is a measure on the unit circle such that v'{&) > Lebesgue almost everywhere, 

(4) T is a measure on [p, 1] such that 1 G supper). 

Let II be the measure on C be given by 

m I 

i=i i=i 

where supp{ai) C G, > 0, zj ^ G for all j G {!,..., m}, and Q G dG for all 

j G {!,...,£}. Then 

(1.2) lim = exp ( r log {h(e"ym) |) fj 

n^oo Cqn[T) \Jq ' 111 J 



Remark. We do not actually need h to be continuous. The proof of Theorem 1.2 will show 
that h need only satisfy the following conditions: 

(1) < 5i < h{re^^) < ^2 < 00 for all r G [p, 1] and 6 G [0, 27r], 

(2) log(/i(re*^))|^ is a contunous funtion of r G [p, 1], 

(3) for any polynomial $, any A; G N, and any g > it holds that 

For example, if = 3 (1 {z = x + iy : x > 0} and D~ = 3 (1 {z = x + iy : x < 0} then 



h{z) = XD+iz) + 2xD-iz) is a function h to which Theorem 1.2 applies. 

During the preparation of this manuscript, we discovered the recent results of Baratchart 
and Saff, which are outlined in [2]. They consider measures on the unit disk that in may 
ways resemble the measures we consider in Theorem |1. 2 [ They obtain similar results on the 
asymptotic behavior of the monic orthogonal polynomial norms, though Theorem L2 seems 
to be more general. 



The factor of Y[T=i (1-2) is exactly what one would expect given the results of 



PIiniiniinilTHlITniET]. We wiircall a measure p as in the statement of Theorem 1.2 



a 



push-forward of a product measure. Let us consider some examples of measures to which we 



can apply Theorem 1.2 
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Example. If we set q = 2, du = dr = 2rdr, 01 = 02 = 0, and ^ = m = then we are 
dealing with measures of the form h{z)d'^z for a function h continuous and non-vanishing 
on D. Such measures with an added Holder continuity assumption on h were considered by 



Suetin in [37]. Theorem 1.2 recovers the leading term in the conclusion of Theorem 3.1 in 



Example. If we set G = D, r = and h = 1 then we recover a result similar to that 
of [IH] (when q = 2) that allows for a singular component of the measure on dB), but only 
finitely many pure points outside D. If we further set oi = 02 = then we can recover the 
result from Theorem 2.2 in [9J (for any G with analytic boundary). 

Example. Let us set G = D and r = ^ X]jlii~^^i-2-j; du = h = 1, i = m = 0, and 
(T2 = (Ti = 0. If s is a sufficiently large power of 2 then 



'^^ ~^ 7r2 1og2(s)2 \ sj log2(s''2 



for some constant C > 0. Theorem 1.2 implies that in this example, the extremal polynomial 



norms do not decay like 0{n ^) as n — )■ 00. 

Example. Let us set G = D, r = (1 — r)dr, dv = duac, i = m = 0, and 02 = 01 = 0. In this 



case, we have dii{z) = w{z)d'^z where the weight w vanishes on the boundary. Theorem 1.2 
still applies to this measure, and we will see below that we can still derive the asymptotics 
of the extremal polynomials outside D. 



Theorem 1.2 provides the asymptotic behavior of the norms of the L'^(/i)-extremal polyno- 
mials for general q G (0, 00). We can also deduce the behavior of the extremal polynomials 
outside the compact set G, i.e. we can prove what is often referred to as strong asymptotics. 



If fj, is of the form considered in Theorem L2 with u a Szego measure on then we can 
prove the following: 

(1) there are polynomials {yn}nm (depending on Pn{fi,q) and q) of degree m and a 
function S = Sg analytic and non- vanishing in C \ D and positive at 00 so that 

hm PnW^y^^)Si^) = 1 

uniformly on compact subsets of C \ D, 

(2) the probability measures \pn{z; fi, q)\'^d^ converge weakly to the equilibrium measure 
for G as n — > 00, 

(3) for any ^ G G, we have Yl^=o IVni^z] /i, 2)p < 00. 

Item ([3]) follows from an argument based on Christoffel functions and the associated mini- 
mization problem. We will discuss this in more detail in Section |4] and for all values of g > 0. 
The function S in item ([T| will be of the form given in (1.3) below. We will see that the 



polynomial ?/„ in item ([T| has a single zero near each Zi for i G {1, . . . ,m} and shares all of 
its zeros with -P„(-2; /i, q). 

1.2. Tools and Methods. In an effort to fix notation and for the reader's convenience, we 
will now provide a brief summary of the main tools that we will use in our proofs. 

In some of our proofs we will make heavy use of the Szego function, which we now define. 
For a Szego measure 7 on with Radon-Nikodym derivative given by 7'(^) we define a 
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function S{z] q), which is analytic on {z : |z| > 1} by 

(1.3) S{z; q) = exp (^-— log{j' (9)) -^^d9 j , \z\ > 1, 

which we will often denote by S{z) if the intended value of q is clear. By the same argument 
as in the proof of Theorem 2.4.1(ii) in [29], we know S{z; q) G ]HI''(C\D). We should mention 
that different authors have used different definitions of the Szego function. The one we 
use was also used in [HI EZ], while [2S1 EOl EI] prefer to define the Szego function slightly 
differently and with domain D. It follows from equation (6.5) in [B] that 

\S{e^'-.q)V = lim|5(re^^g)r = l'{e) , a.e. 6 G [0,27r]. 

We will also need potential theoretic objects such as the equilibrium measure, logarithmic 
potential, and Green function of a compact set. We refer the reader to the books [3, [231 EE] 
for additional background in potential theory and to [3ll [35] for extensive applications of 
these ideas to orthogonal polynomials. Given a finite measure 7 of compact support, we can 
define its logarithmic potential 

W{z):= [ \og-^d^iw), 
Jc \z-w\ 

though for some values of z, the integral may be +00. We define the equilibrium measure of 
a compact set K as the unique probability measure cok satisfying 




log -doj K{z)dijj k(w) = inf < / / log -d'~){z)d'~){w) : '~){K) = 1 = 7(C) 

'KJK \Z-W\ [JkJk \z-w\ 

provided the right hand side is finite. In this case we call the left hand side the logarithmic 
energy of ujk and denote it by E{uk)- It is always true that the support of the equilibrium 
measure uk is contained in the boundary of K (see Theorem 3.7.6 in [23]). We define the 
logarithmic capacity of the compact set K as e~^('^^) and denote it by cap(i^'). In this p aper , 
we will always assume that cap(G) = 1 and consequently (with defined as in Section 1.1) 
?/''(cxd) = 1. In this case, we can write 

^P{z) = z + ^o + - + ^ + ■■■ , 6eC. 

Z Z'^ 

A measure 7 with compact support is called a regular measure if 

lim ||P„(7,2)||^i" = cap(supp(7)). 

The equilibrium measure will play an important role in Section |3| We will mention regularity 
again in Section |2] and it is a major topic throughout [35j. 

Armed with the notions of equilibrium measure and capacity, we can define the Green 
function with pole at infinity of a compact set K (of positive capacity) as 

(1.4) gc^^{z- 00) := -\J-^{z) - log(cap(K)). 

It follows from Theorem 4.4.4 in [23] that the Green's function is conformally invariant, i.e. 
if Kx and are simply connected compact sets in the plane and T is the conformal map 
that sends the compliment of K\ to the compliment of mapping 00 to itself and having 
positive derivative there, then 

9c\kM 00) = 9c\K-X^{z)\ 00). 



6 



We also include here a brief discussion of Faber polynomials (see for extensive back- 
ground and references). We will denote these polynomials by Fn{z) and they are defined as 
the polynomial part of the Laurent expansion of 4>'^{z) around oo. Since we are assuming 
cap(G) = 1, we recover from formula (1.4) in [T3] the following two facts: 

(1) Fn{z) is a monic polynomial of degree n, 

(2) for p < < 1 we have 

where the implied constant is uniformly bounded from above in the annulus consid- 
ered. 

In case G = D, we have Fn{z) = z". Many of the proofs in [37] and the proof of the main 
theorem in [18] rely heavily on generalized Faber polynomials. We will use Faber polynomials 
to obtain upper bounds on the L'^ norms of the extremal polynomials. 

The remainder of the paper is organized as follows. In Section [2| we prove Theorem 1.2 



One key step will be to use Faber polynomials and look at weak limits of the measures 

we will discuss strong asymptotics of the extremal polynomials 



. In Section 

neN |_, 

for measures of the form considered in Theorem 11.21 In Section |4] we will discuss Christoffel 
functions and their behavior on the set G, especially inside the region G. A major theme 
throughout will be the many similarities with the theory of orthogonal polynomials on the 
unit circle (OPUC). Many of our results produce interesting corollaries and we will point 
these out as we go. 

Throughout this paper, we will let F^. be the contour given by {ip{z) : \z\ = r} for r > p 
and Qr will denote the region bounded by F^. 

Acknowledgements. It is a pleasure to thank Barry Simon for encouraging me to pursue 
this line of inquiry and for much useful discussion. I would also like to thank M. Lukic for 
his help with the reference [8]. 

2. Push-Forward of Product Measures on the Disk 
In this section, we will derive norm asymptotics for the extremal polynomials correspond- 



ing to measures of the form considered in Theorem 1.2 We will use the Faber polynomials 



in conjunction with the extremal property to eventually derive an upper bound in the proof 



of Theorem 1.2 and we will use subharmonicity of appropriate functions to derive a lower 
bound. For the remainder of this section, we will let g > be fixed but arbitrary and we 
will denote P„(z;/i,g) by Pri(yu) and ||-Pn(yu) by ||P„(/x)||^ when there is no possibility 
for confusion. We begin with the following crude estimate: 



Proposition 2.1. If jj is as in Theorem 1.2 then fi is regular. 



Proof. We will in fact show that fi satisfies Widom's criterion (see Section 4.1 in [35]) from 
which regularity immediately follows by Theorem 4.1.6 in |35j. 

For each r G (p, 1] , the equilibrium measure of the curve F,, is absolutely continuous 
with respect to arc-length measure with continuous derivative bounded above and below by 
positive constants (see Theorem II. 4. 7 in [7j; the constants are allowed to depend on r). Let 
C be a carrier of p (i.e. /i(C) = /i(C)). Since i^'{0) > Lebesgue almost everywhere, we 
conclude that 

XriCnVr) =iiTr) 



for r almost every r G (p, 1] where is arc-length measure on and i{Tr) is the length of 
the curve F^. It follows that there is a sequence r„ — 1 such that ur^^iC) = 1 while clearly 
cap(Fr„) — !■ 1. This shows fi satisfies Widom's criterion. □ 

We will now begin developing the ideas necessary to prove the more refined estimate of 



||P„(/i)||^ given in Theorem 1.2 We begin with a lemma that immediately highlights the 
importance of Faber polynomials to our results. 

Lemma 2.1. Let A/" C N 5e a subsequence such that 

w- lim = (37 

where is a measure on dG and {a„}„gN is a sequence of positive real numbers satisfying 
lim^n-oo dnO'n+i = 1- Then for any fixed G N, we have 

w- iim = d'y. 

Proof. Recall our notation G p = {il){z) : p < \z\ < 1} . It is clear from our earlier discussion 
of Faber polynomials (specifically fact ([2])) that all weak limits in question are measures on 
dG and that has no zeros in Gp for all sufficiently large n. Now, let / be a continuous 
function on Gp. We have 

f{z)\^^dp{z)- I /(z)^^^^^^rfM^) = 



Go JG 



Gp 



2.1 



^ / /(^)(i-i0(.)r^^O^7W 

JdG 

= 

since |0(-2)| = 1 when z G dG. □ 

Our next lemma will identify some ideal choices for the sequence {a„}„gN of Lemma 

Lemma 2.2. Let j be a probability measure on the unit interval [0, 1], let Cn denote the n 
moment of-y. The following are equivalent: 

(1) le suppij), 

(2) lim„^oo Cn"^ = 1, 

(3) Mnin^oo Cq(n+l)Cqn = 1- 

Proof It is obvious that (|l|)^(|2|) and (|3|)^(|l|) so we need only prove that (g^g. To this 
end, we have 



th 



c, 



qn 



r'i'^d'^ir) 



If lim„_>oo Cn^" = 1 then the measures j'' converge weakly to the point mass at 1 as 

Jo ri"d'i{r) 

n — )■ oo, which implies the desired conclusion. □ 
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Now we can prove the following lemma, which will be of critical importance in our proof 
of Theorem 11.21 

Lemma 2.3. Let k be a measure on G and 7 a measure on and let Af C N be a 

subsequence such that 

w- lim ^ ""^ dn = diip^'y) 

Tl — ^ 00 



where {a„}„gN is as in Lemma 2.1. Then 

f27r 



limsup^^^^<expf /^og(7'W)-V 
n^oo an \Jo 27ry 



Proof. By the extremal property, we have ||P„(/t)||^ < \\Fn-k{z)Pk{'ip*l)\\'i- By Lemma 2.1 
we can write 

Jg '^n JdG 

as n — )■ 00 through A/". Therefore 

limsupa;i||P„(2;;«:)r, < ||Pfc(^,7)ll^.7 

for every A; > 0. Since k here is arbitrary, we can take the infimum over all k, which is no 



larger than the limit as k tends to infinity. The result now follows from Theorem 1.1 □ 



As a second preparatory step for the proof of Theorem L2, we need to understand how 
to deal with pure points outside of G. The following lemma is a consequence of the remark 
following the statement of Theorem 1 in [27] (although Theorem 1 in [27] is only stated for 
the orthonormal polynomials (g = 2), the same proof works for the extremal polynomials in 
any L'^{fi) space). 

Lemma 2.4. [27] Let fi be a finite measure carried by G[J{zi, . . . ,Zm} where G is simply 
connected and each Zi G. Then for any 6 > 0, there is Ns such that if n > Ns then 
{u : \u — Zi\ < 6} has at least one zero of Pn{p-) for each z = 1, 2, . . . , m. 



Remark. We will refine Lemma 2.4 later in this section (see Corollary 2.6). 

It is also shown in [27] that pure points of /i inside G need not attract zeros of PnifJ')- The 
case of pure points on the boundary of G is more subtle (see Section 10.13 in [30] for more 
results on point perturbation). 

The following calculation will be useful also. 

Proposition 2.2. If x ^ G and r E [p, 1] then 

log|^/'(re'^) -s|V = \og\(j){x)\''. 
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Proof. First, consider the case when x ^ G. It is clear that cap(^r') = Define ipr{z) 
ip{rz) on {z : \z\ > pr^^}. Then we calculate 



log|0(x)|^ 



-qU- 



log |e* — (f){x)r 
(j){x 



2lT 

+ glog(r) 



+ glog(r) 



(19c\niHx)r \ oo) + g log(r) 
Q9c\gM^ oo) + glog(cap(^r)) 

/ ^og\y - x\'^dujg^{y) 

27r jn 

log|^.(e'^)-x|V- 

The first line follows from Example 0.5.7 in [26]. The seco nd l ine is just the definition of 
the logarithmic potential. The third line then follows from (1.4) above and the fact that D 
has logarithmic capacity 1. The fourth line then follows from the conformal invariance of 
the Green's function (see Section 1.2). The fifth line follows as the third did from the first. 
Finally, the last line follows from the definition of equilibrium measure as given in Theorem 
3.1 in [Sn]. 

The case x G dG follows by dominated convergence as in Example 0.5.7 in [26]. □ 



Before we proceed with the proof of Theorem L2, we need to make an observation. The 
upper bound will be obtained using the above lemmas, while for the lower bound we will 
invoke subharmonicity of a particular integrand. This is simple enough when g > 1 because 
every function is the Poisson integral of its boundary values (see Theorem 17.11 in 
|24j). However, some care is required when < g < 1. We simply note here that Theorem 
17.11(c) in [23] combined with a well-known L'^ inequality (see page 74 in [23]) imply that if 
f eHi{C\B) then 

(2.1) 



\fie'')\''^>\fioo)\''. 



Now we are ready to prove Theorem 1.2 



Proof of Theorem L2_. For now, let us assume that 
any G N, we have 



m 



in our definition of fi. For 



lim 

n—^ca 



\Fn{z)\'^ 



1 r27r 



dfi{z) 



Jp Jo 
hm — 



r^+'i''e'^^h{re'^)dp{e)dT{r) 



+ lim 



j^z^\z-\Ha, 



+ 0(1) 



n— >oo 
f.27r 



Jkdr 



h{e'")du{e) 



It follows that the measures 

upper bound in this case now follows from Lemma |2.3 







(t){zfd{i),{hv)). 



dG 



dfi converge weakly to d{ip^:{hv)) as measures on G. The 



If we add finitely many pure points outside G, we get the desired upper bound by placing 
a single zero at each Zi and Q. More precisely, if we define the polynomials yoo{z) and Too{z) 
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by 
(2.2) 



1/00(2;) = JJ( 



z — 



T^(z)=n(^-o 



we have 

||Pn(/^)||^ < \yoo^ ooPn-m-l{\yoo{z)T ^{Z)f = || F„_^_£( j^/oo (2;) Too (2;) | V) II fy^ (^)T^ (^)|<,^ 

and then proceed as in the case when i = m = and apply Proposition |2.2[ 



For the lower bound, Lemma 2A implies that for each Zi, we can choose a sequence 
{wi^n}neN so that Pniwi^n] Ij) = and lim„_^oo 'ii'i.n = Zi (we will establish later that such a 
sequence has a unique tail, but we do not need this now). Define 



(2.3) yn{z 
(so that yn{,z) — )■ ycxi{z) pointwise). We now can calculate 

(2.4) \\Pn{z;ix)\\l> 







')) 


'p Jo 


yniip{re' 





q m 



For |-2| > 1 and r G [p, 1], define the functions 

'.27r 



Sr_n. \ Z) 



exp 



2g7r 



log I n l^(^e*') - ^i,n|'%e^')^'W 



By our discussion in Section 1.2| we can rewrite (|2.4|) as 

\\Pn{z-,fAr> 



1 /•27r 



P„(^(re^^)) 



oi(n~m 



)V(^(re'^)) 



V.,n(e'')r^rfr(r) 



(notice that we arbitrarily added a factor of e~*("~™)^ to the integrand, which is acceptable 
since it is inside the absolute value bars). For each fixed r, we invoke the subharmonicity of 
the integrand (or equation (2.1)) to obtain 



Pn{z-fi)\\l> / r"|5.,.(oo)|''dr(r). 



(2.5) 



Since Wj^n converges to zj as n — )■ oo for each j (by construction), we find that 



lim inf 



n^oo Cqn[T) 



>exp {^j\og{Ke^'y{e))) 



by Proposition 2.2 This is the desired lower bound. 



□ 



The proof of Theorem 1.2| produces several interesting corollaries. The first of these shows 
that certain parts of the measure /i contribute only negligibly to the norm of the extremal 
polynomial. The following corollary is reminiscent of Theorem 2.4.1(vii) in |29j . 
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Corollary 2.5. If fi is as in Theorem 1.2 with v a Szego measure on then 
\Pnmre'%^Ji)\''h{re'')dv,,,,^{e)dT{r) + [_\p^{z; fi)\''da,{z) + 



lim 

n— ^oo 



+ 



0. 



Proof. Let us write ji = jjP + jj^ where /i° = ip^{h{u ® r)) + Xl^i ^j^zj- Then 



(2.6) 



Cqn{r) 



The proof of Theorem 1.2 shows that the left hand side of (2.6 ) and the first term on the right 
hand side of (2.6) both converge to the right hand side of (1.2). This shows that everything 
except /i" contributes only negligibly to the norm of p„(2;; /i). To show that the pure points 
outside G contribute only negligibly to the norm, we keep our definition of Wi^n from the 
proof of Theorem 1.2 and we write /i° = + ai5z^. We can now calculate 

1 



1 > 



> 



/c 



\z — Wi^rX^d^l 



ip„_i(iz-^i,.iv?)r, 



+ ai\pn{zi, 



\z-wi^n\in1 



Pn 

2tt 



+ ai\pn{zi] 



c,„(r)exp J^-^Mog (Me^^)z.'(^)|^(e'^) - ^i.n^ f ^7=2 I0(^.)l 



V)exp {C\og{h{e^^y{e))^) UT=i 



+ ailpnizi)]" + o{l) 
= l + o{l) + ai\pn{zi)\'', 

which implies the desired conclusion for zi. An identical proof works for each zj for j = 
2,3 m. □ 



Remark. As a consequence of Corollary 2.5, we see that if K C G is compact, then 

\pn{z;fj,,q)\''dfi{z) 



K 



as n -^■ oo. 



An additional consequence of Theorem L2 is the following corollary, which is a refinement 
of Lemma 12.41 



Corollary 2.6. Let fx be as in Theorem L2 with v a Szego measure on (9D. There exists 
a 6 > and N & N such that for all n > N , the polynomial P„(/i) has a single zero in 
{u : \u — Zi\ < 6} for each i < m. If we denote this zero by Wi^n, then there is an a > so 
that \wi^n — Zi\ < e~"" for all large n. 



Proof. Lemma 2.4 establishes the existence of at least one zero of Pn{l^) in {-u : |m — 2^1 < 6} 
for all i and all large n. Now, fix e > (but small) and let {wi, . . . ,Wt{n)} denote the 
collection of zeros of Pni^jj) outside Fi+e- 
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Define for > 1 the functions 

Sr,n{^) = exp I - 




re"^)-Wj\''h{re''y{e) 



e'^ + z 
- z 



de 



As in the proof of Theorem 1.2, we calculate 



\Pn{z;^i)\\l ^ /V'?"-g*(")|^^^„(oo)|'?rfr(r) ^ /V^"-'^*("^|g.,n(oo)|^rfr(r) 



Cqn[J) 



Cqn[J) 



Cqn—qt{n) XT) 



(2.7) 



ji ^qn-qt{n) fi_ j^^ (^h{re'^y {6)) dO) dr^r) *(") 



qn—qt{n) \ 



ni<^K-)i^ 



where we used Proposition 2.2 From this expression, it follows that n — t{n) tends to infinity 
as n — )■ oo, for if it did not, then since \(j){wj)\ > 1 + e for every j < t{n), we would have 

||P„(2;/i)||y" > 1 + e for all n in some subsequence A/" C N, which violates the fact that 
cap(G') = 1 and fi is regular (see Theorem 111.3.1 in |26j). 

Since n — t{n) — )■ oo, the first factor in (2.7) converges to exp i log {h{e^^)u' (6)^ dO 



as n — 7- oo while the left hand side has limit given by the right hand side of (1.2). If for 
each i G {1, . . . ,m} we pick a sequence {wi^n\n&i as in the proof of Theorem 1.2 then the 
corresponding factor in the product (2.7) converges to |0(2;i)|'' as n — )■ oo. Therefore, it must 
be that 



lim sup 



t(n) 

n 



[Wj)]" < 1. 



However, each factor in this product is larger than (1 + eY- We conclude that t{n) = m for 
all sufficiently large n. This implies Pri(/i) has a single zero near each zj for j = 1, . . . ,m 
when n is sufficiently large. 

The proof of the exponential attraction now proceeds exactly as in the last portion of the 
proof of Theorem 8.1.11 in [29j. □ 



Remark. Corollary 2.6 tells us that the polynomial Pn(/^, q) has a single zero extremely close 
to Zi for each i G {1, . . . , m} and the remaining n — m zeros are placed so as to minimize the 
L'^{lj) norm with respect to a varying weight. It would be interesting to look at the measure 
/i on D U {zi, . . . , Zm} given by d^i = d'^z + ^Jli (where d'^z refers to area measure on the 
unit disk) and see if the results from \W] continue to hold in this case, where the polynomial 
weight would be yoo{z) (see ( 2.2[ ) above). 



The upper bound in the proof of Theorem 1.2 came from Lemma 2.3 which applies to 



arbitrary finite measures (not just product measures). We can also state the lower bound 



used in the proof of Theorem 1.2 in a more general form. 



Proposition 2.3. Let fi be a measure on G so that ^ > ^ and fi is the push-forward (via 
ip) of the measure w{re^^)^dT{r) where 1 G suppij) and w G L^i,^ ® drir)). Then 



\Pnm\i 



> 



r"'' exp 







\og{w{re'")) — 

ATI 



dT{r). 
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Remark. The statement here is very general because we do not insist on any continuity of 
w. 

Proof. By the inequahty of the measures and the extremal property, we have 

ll^n(/i)||^>||Pn(/i)||^>||P„(/i)||^, 

SO it suffices to put the desired bound on ||_P„(/i) ||^. Let X C [0, 1] be the collection of all 
r so that w{re'^)^ is a Szego measure on d3. The proposition is trivial unless t{X) > 0. 
Therefore, we assume this is the case, and for r G X we define 

/ 1 r^"" e'^ + z \ 

= exp (^-— \og{w{re^'))-^Mj , N>1 

and write 

\\Pnifi)\\l> [ r"^|5.(oo)rrfr(r) 
Jx 



as in (2.5). This is the desired lower bound. □ 



We conclude this section with an example showing how one can apply Lemma 2^ to a 
region without analytic boundary. 

Example. Let G be the region : — 1| < 1} and assume g > 1. Notice that G has 
capacity 1 since (j){z)^ = z^ — 1 (see the example in Section 3 of [I5]). Define the polynomials 
Qn for n a multiple of 3 by Qsmi^) = {z^ — 1)"^- 



Figure 1. The region G of the example. 

Let r be a probability measure on (0, 1) with 1 G supp(r). The region G can be decom- 
posed into level sets where 

Er = {z : \z^ - 1| = r} 

and r runs from to 1. Let z/^ be arc-length measure on each component of and let h{z) 
be a function that is continuous on G and is invariant under rotations by ^ so that (p^^ijivi) 
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has Z3 symmetry as a measure on d3 as in Example 1.6.14 in [22]. Let us define n by 



f{z)dfi{z) 



G 



JS 



f {z)h{z)dh'r{z)dT{r) . 



Consider the measure hui on dG. If m G N is fixed, then by the extremal property we have 
that for any choice of complex numbers Qq, . . . , a^-i and = 1 



\P3n{hu„q)\\l^ 



< 



3=0 



hui 



j=0 



3{j+n—m) 



Following the proof of the upper bound in Theorem 7.1 in we get 



(2.8) 



\PUh^i.q)\\U < 



2n 



1 + E 



3ki0 



k=l 



d(f)^{hiyi) 



for any m < n and any choice of constants 71, • . . ,7m- The assumed Z3 symmetry of the 
measure implies that P3miz; 0*(/ii/i), q) = Rm{z^) for some monic polynomial Rm of degree m 
(this follows from the uniqueness of the extremal polynomial in the case q > 1', see Example 
1.6.14 in [29]). Therefore, we can choose 71, . . . , 7^ appropriately so that the right hand side 
of (2.8) is equal to \\P3m{<P*{hi'i)yl)\\1^(^hui)- '^^^ reasoning of Lemma 2.3 then implies 



limsup \\P3n{hiyi,q)\\l^^ < exp 



2tt rn 

logiMhiyiYie))- 



Now, as in Lemma 2.3, we calculate (for / G C{G)) 



f{z)\Q3^{z)\''d^{z) = Cqm{.r 



-I 



G 



f{z)h{z)dur{z) r''"'dT{r 



as m — )■ 00. Therefore, the measures dfi converge weakly to hdui and the reasoning of 
Lemma 2.3| implies 



f{z)h{z)dv,{z) 



ll^3n(^;/i,g)|IL(^) 

lim sup — — < exp 



'^og(0.(/^^.l)'(^))^V 



□ 



In the next section, we explore more detailed asymptotic properties of the polynomials 
Pn{z]fi,q) and Pn{z;fi,q). 

3. Strong Asymptotics for Extremal Polynomials 



The main idea of Theorem 1.2 is that the asymptotic behavior of the extremal polynomial 
norms is comparable to the behavior of the L'^ norms {||0(-2)"||L9(^)}neN- It should not be 
surprising then that in some cases we can make a stronger statement about the extremal 
polynomials' resemblance to (f){z)'" in certain regions of the plane, and this is what we call 
strong asymptotics. Theorems |3.1| an d | 3.3| will provide us with detailed information about 
the behavior of Pn{z;n,q) outside of G and near the boundary of G. In Section [i] we will 
see how Pn{z; /i, 2) behaves inside G (see Corollary 4.4). 
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In the previous section we estabhshed that the polynomial Pn{f^, q) has a single zero near 
each pure point of /i outside of G (for large n) and asymptotically, all other zeros tend to G. 
If we label the zero of Pn{f^, <?) near Zj as Wj^n,q, let us recall the definition 

m 

i=i 

which can be uniquely defined for all sufficiently large n by Corollary |2.6[ It will be convenient 
for us to define 



(3.1) 



^n{z]H,q) 



yn{z;q) 

for all sufficiently large n. We also recall the definition 
(3.2) Sr,n{z;q) = exp ' 



2q7f 



2n 



log {h{re^^y{e)\y4^{re%q)\^)-^ 



e*^ + z 



de 



for r G [p, 1] and z G C \ D. We begin by considering the behavior of Pn{z\ p, q) when z ^ G 
and g > 0. We will prove a result reminiscent of the convergence result in Theorem 2.4.1(iv) 
in [29j and the corollary in [18]. 



^ 1 



Theorem 3.1. Let Sr^niz;q) be defined as in (3.2). If fi is a measure as in Theorem 1.2 
with V a Szego measure on d3 and q > then 

Anii>iz);iJ,,q)Si^oo{z;q) 
2:"-'"^i,oo(oo;g) 

as 77. oo uniformly on compact subsets o/C \ D. 

Proof. Let g > be fixed throughout this proof and denote S'r,„(z; q) by Sr^n{z) and A„(z; /i, q) 
by An(2;/i). 



We showed in Section (see equation (2.1)) that if r G [p, 1] then 



(3.3) 



2tt 



r'?('^— )S,,„(oo)^ < / \Anii^ire'');ix)Sr,nie'')\ 



,de 

2^ 



for all r G [p, 1]. Let us fix some t < 1. If we divide both sides of (3.3) by Cg„(r) and then 
integrate in the variable r from t to 1 with respect to r, then both sides converge to S'i^oo(oo)'^ 
as n — )■ oo (by Theorem 1.2). Therefore, (3.3) is optimal in that we cannot multiply the right 
hand side by a factor smaller than 1 and have the inequality remain valid for all r G [t, 1] 
when n is sufficiently large. It follows that for any e > 0, there exists a sequence {r„}^^ 
converging to 1 from below as — )■ cxd so that 

"271 



(3.4) 



foo)^ > (1 



|A„(7/.(r„e^^);p)^,„,„(e^^)|'' 



de 

2^' 



By a standard argument, we can choose our sequence {r„}^^ converging to 1 from below 
so that (|3.4l) remains true for some sequence e„ tending monotonically to from above. Let 



an := ||An(^(rne*^);p)5'r„,„(e 



By using (3.3) and (3.4) we see that 



(3.5) 



1-en < 



lim 

z—^oo 



An{ij{rnZ); fi)Sr„,n{z) 



GnZ" 



< 1. 
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Let 



fn{z) 



Clearly ||/n||_ff9(c\l) = 1 so we can find a subsequence A/" C N so that /„ converges 

uniformly on compact subsets of C \ D to some (analytic) function / (by a normal families 



argument and Lemma 1.1 in [9]). Equation ( 3.5[ ) shows that f{oc) = 
\im sup^f^j^ \\fn\\Hq(c\p) = 1 (see Lemma 1.2 in [9]). However, clearly 
/(oo) = 1. This means J^^ |/(re*^)|«'^^ 



1 while 



Hi 



Hi{C\0) — 

> 1 since 



2.6 



2^ — 1 for all r > 1. Furthermore, the proof of Corollary 
and the Hurwitz Theorem imply / is non- vanishing in C \ D and so is an analytic 



function on this domain. This implies 

f.27r 



Re 



Ifireni'-fire^' 







,d6 
2^ 







r > 1 



and it follows easily that / = 1. The same argument applies to any subsequence of \f n}nen 
so fn converges to 1 uniformly on compact subsets of C\D. Equations (3.3) and (3.4) show 
that a„ = (1 + Sn)r^~"^^ Sr„ n(oo) with 5„ — j- as n — )■ oo. Therefore, if \z\ > 1, we have 



An{'4'{rnZ))Sr„,n{z) 



1 



is a conformal 



^^•^^ (r„z)(«— )5,„,„(oo) 

and the convergence is uniform on compact subsets of C \ D. 

Now choose w ^ 3. Notice that the function H{z) = (e*^ + z){e 
map from C \ D to the left half-plane. Therefore, H{z/rn) converges to H{z) as n — )■ oo and 
the convergence is uniform on compact subsets of C \ D and uniform in 6. This observation 
and Dominated Convergence imply 

(-3 -^^1 'gr„,n(w/r^)gi,oo(oo) ^ ^ 

5'^„,n(oo)5'l,oo(w) 

as n — 7- 00 and the convergence is uniform on compact subsets of C \ 



By plugging in 

z = w/vn into (3.6) and using the uniformity of convergence on compact subsets we recover 



w' 



'5*1,00(00) 

which proves convergence. 

To prove the uniformity, let K C C\D be a compact set. There is a compact set Ki C C\D 
such that for all sufficiently large n, every x & K can be written as Tnx'f'^ for some G Ki. 
Then 



(3.^ 



A„(V'(w))5'i,oo(w) An(V'(?^nwS"^))5'r„,n(wS"'') 5*1,00 (w) 5'r„,n (oo) 



'Si, 



oo 



/ (n)^ 
[rnW{ \ 



n—m C 

Or. 



OO 



'S'r„,n(tt'["^)5i,oo(oo) 



We have already shown in (3.6) that the first factor in (3.8) tends to 1 uniformly on compact 
subsets as n — )■ oo. Similarly, we have shown in (3.7) that the second factor in (3.8) tends 
to 1 uniformly on compact subsets as n — )■ oo. □ 



Remark. One can in fact conclude that in the proof of Theorem 3A, the functions fn converge 
to 1 in if«(C\D) (see Theorem 1 in [I]). 
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Theorem 3.1 yields the following Corollary, which says that the strong asymptotic behavior 
of the polynomials P„(/i,g) is in some sense independent of r. 

Corollary 3.2. Let /i be as in Theorem \3.1\ and let k, be the measure on dG given by 
\yoo\'^'4'*{h'^) ■ Uniformly on compact subsets ofC\G we have 

A„(z;/i,g) 



lim 



n^oo Pn_^{z; K, q) 



1. 



Proof. By Theorem 



3.1 



above and Theorem 2.1 in [9J, both ^"^^u'^-'^ and ^ 



0(2)" 



converge 

to Si^oo{oo)Si^oo{4>{z))^^ uniformly on compact subsets of C \ G so the claim follows. □ 



Now that we have some information about the behavior of Pn{z; n, q) outside G, we will 
consider what happens close to the boundary of G. Our next result is motivated in part by 
Theorem 9.3.1 in [30] • As in Theorem 3.1 we will consider all g > 0. 



Theorem 3.3. If is as in Theorem 1.2, q > 0, and u is a Szego measure on then 



w- lim \pn{z; fi,q)\'^dfi{z) 



dujaiz) 



as measures on C. 



Proof. Let g > be fixed and denote by j9„ the polynomial pn{z]jjL,q). Corollary 2.5 and 
the remark following it imply that any weak limit of the measures {\pn\'^dix}n& must be a 
measure on dG and that we may without loss of generality assume that ai = (T2 = 0, £ = 0, 
and V is purely absolutely continuous with respect to Lebesgue measure. Let us recall the 
definition of Sr^n{z) = Sr^n{z', q) from ( 3.2[ ) for r G [p, 1] and 2; G C \ D. 
We showed in Theorem 11.21 that 



(3.9) 



27r 



-^("-™)«A„(^/;(re*^))|^ \Sr,n{e'%V dO 

2^ 



rfr(r) 1 



Cg„(r) I S'i,„ (00) I? 
as n ^ 00. 

For fixed n G N and r G [p, 1], let {ui, . . . ,Mr?„(r)} be the zeros of A„('?/;(r2;)) (?7„ G Nq) 
lying outside of D, each listed a number of times equal to its multiplicity as a zero. We may 
then define the Blaschke product 



Vnir) 



Br, 



()=n 



ZUj 



\U4 



With this notation, we may define Jr,n{z) so that 
(3.10) z-("-")A„(V^(rz))^,,„(^) 



-Bf'n. i ^1 Jr. 



From (3.10), we know that Jr,n{^) is analytic and non-vanishing in C \ D so we may write 



(3.11) 



w/2 



I C 
Or, 



00 



Br J 00] 



q/2 



+ 9r 



where gr.n{z) is in ]HI^(C \ D) and is orthogonal to the constant functions in EI^(C \ D) (that 
is, gr,n{z) G EIq(C \ D) in the notation of [5j). Notice that 



<^-"'^'A^ii;ire''))SrAe'')\' 



Jd\Q/2\2 



18 



If we plug (3.11) into (3.9), we get 
(3.12) 



r'?"-5'"|5,.„(oo)|« 

p Cqn{r)\Si^n{00)\''Br^n{00Y 



+ 



\9r,n\\^2 



Cg„(r)|S'i,„(cx))|'? 



(ir(r) — )■ 1 



as n — > oo. However, i?r,n(oo) > 1 and the second term is always non-negative, so we 
conclude that the first term in (3.12) has integral tending to 1 as n — )■ oo and hence 



(3.13) 

as n — )■ oo. 

Now fix A; G N. We have 
(3.14) 



\9r,n\\ff. 



Cqn{T)\Si^n{00)\'i 



dT{r) 



(t){zf\p^{zWdii{z) 



Gp 



1 r^e'^^\e-'^''-'^^^kn{,i^{,re'^W\Sr,n{e'^)\'' dO 

2^ 



p ^0 Cq„(r) |5i,„(oo)|9 

1 r2^ ^k^ike^^q(n-m)l2g^^^^^y/2Q 



dT{r) + o(l) 



(3.15) 



p JO C5„(r) |^i,„(oo)|9 

1 r2n ^fc+gCn-Hgi/cei^-^^^^^)!? 



27T 



dT{r) + o(l) 



'-^Qfi 



V)|^i,„(oo)|55,,„(oo)5 27r 



(ir(r) + 



1 /•2^ ^fcgifc0|^^^^(^g. 



V)|^i,Joo)|^27r 



dT{r) 



+ 



1 r2. ^k+q(n-m)/2^ikeg^^^(^^y/2 . 2Re [c/^,„ (e*^)] c/e 



Cgn(r) |^i,„(oo)|95,,„(oo)'?/2 



27r 



rfr(r) + o(l) 



as n — )■ oo. If we send n to infinity, the first term in (3.15) converges to since /c G N. The 



second term in (3.15) can be bounded from above in absolute value by 



(3.16) 



Cg„(r) 1 5'i,„(oo) 



-drir) 



which tends to by (3.13). By applying the Schwartz inequality, the third term in (3.15) 



can be bounded from above in absolute value by 

r^k+q{n-m)g^(^Y X 1/2 

-dT[r) 



^qn 



1/2 



-^qn 



V)^i,„(oo) 



-dT{r) 



The first factor tends to 1 as n — )■ oo (as in (3.12)). After applying Jensen's inequality to 
the second factor, we can bound it from above by twice the square root of (3.16). Therefore 



the integral (3.14) tends to as n — t- oo. 



We conclude that if 7 is a weak limit point of the measures {\pn{fi)\'^dfi}nm^ then for every 
A; G N we have 

/ 4>{z)''dj = 0. 

JdG 

This implies that 7 is induced (via tp) by a measure k on d3 with no non-trivial moments, 
i.e. dK = ^ and it follows that 7 is the equilibrium measure for G (see Theorem 3.1 in 
[39]). ^ □ 
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Theorem |3.3| yields the following corollary, which can be interpreted in terms of the 



Christoffel functions discussed in Section (see (4.5) below) 



Corollary 3.4. Under the hypotheses of Theorem 3.3[ we have 



w- lim auiz) = aujn 

n^oo n + 1 ^ 



as measures on C where Kn{z,w) = ^^=QPj{z; iJ,2)pj{w; jj,,2) is the reproducing kernel for 
the measure fi and polynomials of degree at most n. 

Remark. Since /i is regular, one can use a polynomial approximation argument. Corollary 



2.5, and the results in [32] to arrive at a different proof of Corollary 3.4 Theorem 3.3 is of 
course much stronger. 

In the next section, we will consider the behavior of the Christoffel functions on G. 

4. Christoffel Functions 

In this section we will turn our attention to an interesting minimization problem. For each 
n G N and g > 0, let us define the Christoffel function A„(z; /i, q) by 



\n{z; /i, q) = inf I \Q{w)\''dii{w) : Q{z) = 1 , deg(Q) < n 

For z G C fixed, A„(z; /i, q) is obviously non-increasing (as n — )■ oo) and positive, so we may 
define Aoo(-2; A^, q) = linin_s.oo A„(2;; /i, q). It is clear that 

Aoo(2:;/i,g) = inf jy \Q{w)\'' dii{w) : (^(-z) = 1 , Q polynomial | . 

The behavior of Aoo(^; /i, q) is particularly easy to describe when z G dG. 

Proposition 4.1. If ^ is any measure with support in G and G has analytic boundary then 
Aoo(a;; /U, q) = for all x G dG and all q > 0. 



Remark. For Proposition 4.1, we do not need to assume cap(G') = 1. 



Proof. Fix X G dG. It is obvious that \n{x;fi,q) > fi{{x}) for every n G N, so it remains 
to show the reverse inequality holds in the limit. Since dG is analytic, we can define a 
conformal map : G — t- D satisfying ip{x) = 1. By a well-known argument, this map if has 
an analytic continuation to some open set U ^ G. Define 

/„(^):=3-"(^(;.) + 2)" , zeU 

so that fn{x) = 1 = \\fn\\L°°{G)- Theorem 2.5.7 in j28] there exists a sequence of polyno- 
mials {VTnjneN so that II W^n — /n 1 1 LOO ((5) < (wc do not assume Wn has degree n). It follows 
that for each n G N there is a constant a„ = 1 + o(l) (as n — ?■ oo) so that a„PV„(x) = 1. 
Then (with En = Wn- /„) 

An(a;;/i,g)< [_\anWn{z)\''dix{z) = (1 + 0(1)) [_\fn{z) + Enl'd^iz) ^{{x}) 

JG JG 

by Dominated Convergence. □ 
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Remark. For results producing more precise asymptotics of A„(2;;/x, 2) for z G dG under 
stronger hypotheses on fi, see [T5| 155]. 

Now let us focus on x G G. For measures supported on the unit circle, it is known (see 
Theorem 2.5.4 in [22]) that if z/ is a Szego measure then Xoo{z] v,q) > for all z G D and 



q G (0, oo). We will prove an analog for the kinds of measures considered in Theorem 1.2 



Before we can do this, we need to define some auxiliary notation. For x interior to Fi, define 

^(x) = ^ (1 + i^ff'^ ■■ X ^ Qr , r > p}) . 

For each r G [^(x), 1], let Xr,x be the conformal map from D to Qr that sends to x and 
satisfies Xrx(O) > 0- E)enote the inverse to Xr,x by ^r,x- The following lemma will be useful: 

Lemma 4.1. With the above notation, it holds that ip^.^^ converges to (^i^^ uniformly on some 
open set containing G as r ^ 1 and there is an s E {^{x), 1) and positive constants Ai and 
A2 such that 

^1 < \'^'r,x{^)\ < ^2 

for all r G [s, 1] and z E G. 

Remark. The proof of the lemma will actually show that when r is sufficiently close to 1, 
(Pr,x is defined on all of G so the statement of the lemma makes sense. 

Proof. By the Caratheodory Convergence Theorem (see Theorem 3.1 in [6]), the maps (pr^^ 
converge to <^i,a: uniformly on compact subsets of G as r — )■ 1~ (see also Theorem 3 in [M]). 
Since G has analytic boundary, a simple argument shows that each ifr,x can be univalently 
continued outside of G when r is sufficiently close to 1 and in fact all such (pj.,x have a common 
domain of holomorphy containing G. A normal families argument then implies ipr,x converges 
to ifi^x uniformly on some open set containing G as r — )■ 1. We can then use the Cauchy 
integral formula to conclude that ip'^^^ converges to ip[^^ on a smaller open set containing G. 
This means that when r is sufficiently close to 1, we have ||</3'j.a;IU°°(ri) ^ 2||(y9'^ 2,||2,«,(rj). The 
same arguments can be applied to {Xr,x}r£[((x),i], which proves the claim. □ 

As a final preparatory step, we will need the following lemma, which is a slight refinement 
of Lemma 1 . 1 in [9J . 

Lemma 4.2. // g G (0, 00) and w E Qr then there is a constant so that for every 

f e H'^iGr), 

i/(^)r</5. / \f{z)Mz\. 

Furthermore, the constant (3y, may be taken uniform for all r sufficiently close to 1 (but 
perhaps depending on w ). 

Proof. The inequality follows from Lemma 1.1 in [H] and the equivalence of the spaces E'^{Qr) 
and H'^{Qr) (see Chapter 10 in [5]), so we need only focus on the uniformity. If g > 1, then 
this is a simple consequence of Jensen's inequality and the fact that functions are the 
Cauchy integral of their boundary values (see Theorem 10.4 in [5|), so we need only focus 
on the case < g < 1. To this end, let g be the function harmonic in Qr satisfying 
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g{il){re^^)) = \f{'ip{re^^))\'^ almost everywhere on F^. Let Ur^w by the harmonic measure for 
the region Qr and the point w. Then by the subharmonicity of /, we have 



\f{wW<9{w) 



g{z)dujr,w{z) < 



dur 



d\z\ 



."'llL°°{rr) 



g{z)d\z\ 
\fiz)Mz\. 



We can now apply Lemma 4.1 with x = w to provide uniformity in the constant /J^ 
Now we are ready to prove the main theorem of this section. 



Theorem 4.3. // /i and G are as in Theorem L2 with v a Szego measure on dl 
\oo{z', ^,q) > for all z E G and q G (0, oo). 



□ 



then 



Proof. Since h is bounded from below and Xn{z;^,q) increases as we increase /i, we may 
assume that = Vac® In the region Gp we may write (for / continuous) 



(4.1) 



f{z)d^{z) 



f{z)w{z)d\z\dT{t) 



where w is a weight on Gp. In fact, we can write explicitly 



(4.2) 



W[Z] 
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<P{z) \ \ct>\z)\ 



(we identify v\e^^) and ^'{9)). As in 

1 



define ^r,q{.z) by 



(4.3) 



^r,q{,z) 



exp 



2q'7ii 



, ...... l + ifriOM^) 

log {w{Q) — — -—<^,{QdC 

MO - M^) 



for each r G [p, 1] so that |Ar,g(C))|'' = for almost every ^ G ((4.2) implies the 

integral in (4.3) converges). 

Now fixy E G and let Q{z) be any polynomial so that Q{y) = 1 (we make no assumptions 
on the degree of Q). Let s G (p, 1) be so that y is interior to F^ and so the constant Py of 
Lemma 4.2 may be chosen independently of t G [s, 1]. We calculate 



(4.4) 



\Qiz)At^,iz)\'^d\z\dTit)>(3,^ 



-1 



\A,M\'drit) 



by Lemma 4.2, The function At q(?/) is expressed as an exponential so the fact that z/ is a 



Szego measure on implies At^q(y) is never equal to for any t. Therefore, |At ,j(|/)|^ is 
not the zero function and so the integral on the far right on (4.4) is not equal to zero. We 
have therefore obtained a lower bound for the far left hand side of (4.4) that is independent 
of the degree of Q. Taking the infimum over all such Q proves the theorem. □ 



Recall the definition of Kn{z, w) from Corollary 3.4 By equation (2.16.6) in 
(4.5) 



one has 



A„(2;;p,2) 



Kn{z,z;fi)' 



This and Theorem 4.3 for the case q = 2 yields a proof of the following corollary: 
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Corollary 4.4. If n > n and n is as in Theorem 1.2 with v a Szego measure on (9D then 



n=0 

for all z E G. 

Now that we have some understanding of Aoo(a;; fi, q) for all x G G when /x is of the form 



considered in Theorem L2, we want to try to calculate it exactly. Our next result will show 
that one can reduce the problem to considering only measures on G = D and only the point 
X = 0. Indeed, take any xq E G and let >^ be the conformal map of G to D sending xq to 
and satisfying ^p\xq) > 0. By the injectivity of on G (we used Caratheodory's Theorem 
here; see Theorem 1.3.1 in [7]), we can push any measure /i on G forward via ip to get a 
measure (p^^fi on D as in Section [1} With this notation, we can prove the following result: 

Proposition 4.2. With Xq, fi and ip as above, we have Xoo{xq; fi,q) = Aoo(0; v?*//, g) for all 
q G (0,oo). 

Remark. We do not exclude the possibility that G = D and ip is an automorphism of the 
disk. 

Remark, li t ^ 6i, the resulting measure p^n may not be of the form considered in Theorem 



Proof. Fix q G (0, oo). Given e > 0, let T be a polynomial so that IIT'II^,^^^^^) < Aoo(0; (p*fi, q) + 
e and r(0) = 1. Then Q := T o (y9 is a function on G satisfying ~ ll-^llL9(93*/i) 

Q{xo) = 1. Now let Q be a polynomial satisfying — < ^ Qi^o) = 1 



(such a Q exists by the same reasoning as in the proof of Proposition 4.1 ). It follows at once 
that Aoo(a;o; A*, q) < Aoo(0; p*fi, q) + 2e and one direction of the inequality follows by sending 
e — 7- 0. The reverse inequality follows by an argument symmetric to the one just given. □ 



Remark. If we set r = 5i, Proposition 4.2 can be used to provide a new proof of Proposition 



2.2.2 in |29] and a new proof of Theorem 2.5.4 in 



Proposition 4.2 allows us to calculate \oo{x; /x, q) by considering only measures on D and 
only the point 0. If /x happens to be supported on 5G, then p^.^ is supported on so that 
Aoo(0; g) is in fact independent of q (see Theorem 2.5.4 in ^29j) so the same must be 
true of Aoo(a;; yU, q). However, the following example shows that the value of Aoo(0; /i, q) is in 
general not as easily calculated when supp(/i) ^ dG. 



Example. Let us consider the special case of Corollary |4.4 where G = D, /i = 1, and 2 = 0. 



Let us further assume r and u are both probability measures. Fix any G N and let Qn{z) 
be a polynomial of degree at most satisfying (5Af(0) = 1. Then for any r < 1 we have 

"^^ \QN{re'')?dv{d)>\N{^-u,2) 







because Qn^^z) is still a polynomial of degree iV in ^ that is equal to 1 at 0. Integrating 
both sides in the variable r with respect to r from to 1, we obtain AAr(0; /i, 2) > AAr(0; u, 2). 
Sending — > oo we obtain Aoo(0; fi, 2) > Aoo(0; i/, 2) > (see equation (2.2.3) in [29]). 

However, if G supp(r) then the reverse inequality is false unless du = ^ (we still 
assume z/ is a Szego measure on 9D), i.e. it is true that Aoo(0;/i, 2) > Aoo(0;z/, 2). To see 
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this, recall Proposition 2.16.2 in [33], which tells us that Qn,z{ w) := Kn{z, w; fi)Kn{z, z; 
satisfies Qn,z{z) = 1 and ||Qn,2(2;)||^ = A„(2;;/i, 2). Corollary 4.4 tells us that {Q„,o(u^)}neN 
is uniformly bounded on {2; : |2;| < ri} for any ri < 1. By Montel s Theorem this is a normal 
family so we may take n — )■ 00 through some subsequence A/" C N so that {Qnfl{w)}n£M' 
converges uniformly to a function Qoo,o{w), which is analytic in {2; : \z\ < ri} and (5oo,o(0) = 
1. By continuity and the fact that ii du ^ ^ then Aoo(0; u, 2) < 1, it must be that 



IQooflire'irduie) > 



2 



for all r sufficiently small (say r < ro). By Dominated Convergence, the same must be true 
for all Qn,o{z) for n sufficiently large and n G Af. We conclude that for sufficiently large 
n G A/", we have 

A.(0;/i,2) = ||g„,o(^)||J= / / \Qn,oire'')\'duie)dTir) + / |g„,oK^)prfK 

Jo Jo Jro Jo 

> ^ + ^-(0''^'^) ^([o, + A^(0; u, 2)r((ro, 1]) 

= ^^^^^^^^r([0,ro]) + Ao.(0;z.,2). 

Since An(0; /x, 2) is decreasing in n, r([0, ro]) > and Aoo(0; u, 2) < 1, the desired conclusion 
follows. 

□ 



5. Appendix 

5.1. Non-uniqueness when q = I. On page 84 in |35j, it is stated that one does not have 
uniqueness of the L'^-extremal polynomial when < g < 1. This is a correct statement, but 
we show here that this can be extended to include the case q = 1. 

Proposition 5.1. If fi is a finite measure supported on [—2,-1] U [1,2] and fJ^{A) = fi{—A) 
for all measurable sets A, then one does not have uniqueness of the -extremal polynomial 
PnifJ', 1) for every odd n. 

Proof. Suppose for contradiction that P2n+i(/^, 1) can be uniquely defined. By the symmetry 
of the measure, we must have that P2n+i(0; /i, 1) = 0. We may then write P2n+i{z; /x, 1) = 
zQn{,z)^ for some polynomial Q„ of degree 2n and satisfying Qn{x) = Qn{—x) for all x G M. 
For a G (—1, 1), define 

PtU^) = {z - a)Q^{z) 
so that P2n+i{^) = P2n+i{z; /i, 1)- Wc then have 

" ^2n+i\\L^f,) = TT ( / ~ z)\Qn{z)\dn{z) + {z - o) |Q„(z) 

-2 Jl 



-1 .2 

\Qniz)\dfxiz) - / \Qniz)\d^{z)=0, 
-2 Jl 

which contradicts our uniqueness assumption. □ 
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If in Proposition |5.1 



we also assume /i has no pure points then an alternative proof can 
be found by appealing to Theorem 2.1 in 
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